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Sets of all periodic points
In this article, subsets of T2 that can arise as sets of all periodic points of a continuous 2-
dimensional toral automorphism are characterized. Here the torus T2 is viewed as [0,1) ×
[0,1) as a group under coordinatewise addition modulo 1.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
There have been some papers discussed about the sets of periodic points for continuous self maps of the interval (see
[1,4,5]). It is natural to ask: Which subsets will arise as the set of all periodic points of these self maps. Characterization
of the sets of periodic points for a continuous self maps of an interval is incomplete. But in the case of a continuous
2-dimensional toral automorphism we have a neat answer.
A dynamical system is simply a pair (X, f ) where X is a metric space and f : X → X is a continuous function. For x ∈ X ,
the orbit of x under f is the sequence x, f (x), f 2(x), . . . , where f n = f ◦ f ◦ · · · ◦ f is the composite of f with itself n − 1
times. A point x ∈ X is said to be periodic if f n(x) = x for some n ∈ N. We denote the set of all periodic points of f by P ( f ).
We refer [3,4,6] for preliminaries from topological dynamics.
Let Q1 be the set of all rational points in [0,1). Our main results prove that sets of all periodic points of a continuous
2-dimensional toral automorphism has to be either Q1 ×Q1 or T2 or Sr for some r ∈ Q∪{∞}; where Sr = {(x, y) ∈ T2 such
that rx+ y is rational} when r ∈ Q and S∞ = Q1 × [0,1).
2. Basic results
Let GL(2,Z) be the set of all 2× 2 matrices A = ( a b
c d
)
, where a,b, c,d ∈ Z and Det(A) = ad − bc = ±1.
Each such matrix A gives a linear map on R2 by
( x1
x2
) → A( x1x2
)
.
We deﬁne an automorphism on the torus T A : T2 → T2 by T A(x1, x2) = (ax1 + bx2, cx1 + dx2) (mod 1).
Now we have,
Proposition 1. (See [7].) Every automorphism T A (as deﬁned above) on the torus is a homeomorphism.
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by a matrix from GL(2,Z). Let Aut(T2) denote the set of all continuous automorphisms on the torus.
Proposition 2. The above map A → T A from GL(2,Z) to Aut(T2) is surjective.
Proof. Let φ : T2 → T2 be any continuous toral automorphism. Since φ is continuous at (0,0) there exists δ > 0 such that
φ(([0, δ)×[0, δ))) ⊂ [0, 12 )× [0, 12 ) and such that φ(X + Y ) = φ(X)+φ(Y ) for all X, Y ∈ [0, δ)×[0, δ), where + denotes the
usual addition in R2.
Now, observe that φ(λX) = λφ(X) for all λ ∈ (0,1) and for all X, Y ∈ [0, δ) × [0, δ), because the set {λ ∈ (0,1) | φ(λX) =
λφ(X)} is a closed set contains all dyadic rationals (since the set contains λ = 12 , using the additivity of φ, it contains
all numbers of form λ = m2n ). The set of all dyadic rationals is dense in [0,1] and then by continuity the set contains all
λ ∈ (0,1).
Hence φ|[0,δ)×[0,δ) = L|[0,δ)×[0,δ) for some linear transformation L : R2 → R2. This linear transformation induces an integer
matrix A with determinant ±1 such that Ax = φ(x) for all x ∈ T2. [The kernel of an endomorphism (different from the zero
map), on a connected topological group cannot have nonempty interior.] Hence the proof. 
Remark 1. (See [2].) In fact the 1–1 correspondence in the above proposition is a group isomorphism.
Note that, for a toral automorphism T A , the periodic points with period n are solutions of the congruent equation
Anx = x (mod 1).
Proposition 3. (See [4].) Let A ∈ GL(2,Z). Then
(1) The number of solutions of Anx = x in [0,1) × [0,1), is |Det(An − I)|, provided Det(An − I) 
= 0.
(2) If Det(An − I) = 0 then Anx = x has inﬁnitely many solutions in [0,1) × [0,1).
For each A ∈ GL(2,Z), let P (T A) denote the set of all periodic points of T A .
Proposition 4. (See [4].) For any A ∈ GL(2,Z) the set P (T A) is dense in [0,1) × [0,1).
Observe that for any continuous toral automorphism T A the set P (T A) is a subgroup of the torus. We now ask:
Which subgroups of [0,1) × [0,1) arise in this way?
3. Main results
3.1. Automorphisms with determinant 1 and trace 2
We start by listing all the matrices from GL(2,Z) with determinant 1 and trace 2. For A ∈ GL(2,Z), we denote the
determinant of A by Det(A), and the trace of A by Tr(A).













if n = 0.
Note that Det(Am,n) = 1 and Tr(Am,n) = 2 for all m,n ∈ Z.
Proposition 5. If A ∈ GL(2,Z) is such that Det(A) = 1 and Tr(A) = 2 then A = Am,n for some m,n ∈ Z such that n divides (m− 1)2 .
Proof. Let A = ( a b
c d
) ∈ GL(2,Z) be such that Det(A) = 1 and Tr(A) = 2. Then we have a + d = 2 and ad − bc = 1. Hence
bc = −(a − 1)2.
If b 
= 0 then c = − (a−1)2b an integer and therefore A = Aa,b . If b = 0 then a = d = 1 and c can be any integer. Hence
A = Ac+1,0. 
Remark 2. Note that the characteristic polynomial of any matrix of type Am,n is (x − 1)2 and hence 1 is an eigen value.
Therefore no matrix of type Am,n can be hyperbolic.
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form Am,n . By induction we can prove that, for any k ∈ N, Akm,n = Akm−k+1,kn for all m,n ∈ Z.
Let A ∈ GL(2,Z). Then X ∈ T2 is a periodic point of T A if and only if it is a solution of Ak X = X for some k ∈ N. Thus,




X ∈ T2: Ak X = X}.
Given r ∈ Q, we write Sr = {(x, y) ∈ T2 such that rx+ y is rational} and let S∞ = Q1 × [0,1). Note that S0 = [0,1)×Q1.
Theorem 1. For m,n ∈ Z, the set of all periodic points of the continuous toral automorphism T Am,n is either the set Sr for some
r ∈ Q∪ {∞} or T2 .
Proof. Case 1. When m 
= 1 and n 
= 0.
The periodic points with period k can be obtained by solving the equation Akm,n X = X (mod 1), which is equivalent to
the system of linear equations,




x1 + (1− km + k)x2 = x2 +m2
for some m1,m2 ∈ Z.
That is, (x1, x2) ∈ T2 satisﬁes the equation An X = X if and only if




x1 + (1− km + k)x2 =m2 ∈ Z
if and only if








(m − 1)x1 + nx2 ∈ Q
− (m − 1)
2
n
x1 + (1−m)x2 ∈ Q
⎫⎬
⎭ (2)
which reduces to solving the single equation,
(m − 1)
n




x1 + x2 ∈ Q
holds, then (x1, x2) satisﬁes Eq. (2). Then we can prove that (x1, x2) satisﬁes Eq. (1) for some suitable k. Therefore P (T Am,n ) =
{(x1, x2) | (m−1)n x1 + x2 ∈ Q} = S (m−1)n as desired.








Case 2. When m = 1 and n = 0. We get A1,0 is the identity matrix and hence P (T Am,n ) = Fix(T Am,n ) = T2.
Case 3. When m 
= 1 and n = 0.




. Note that, for any k ∈ N we have Akm,0 = Akm−k+1,0.
Now, solving the congruence equation Akm,0X = X (mod 1) is equivalent to solving the single condition k(m − 1)x1 ∈ Z.
This is implies that x1 ∈ Q1.
Conversely, as before if x1 ∈ Q1 then we can ﬁnd k ∈ Z such that k(m − 1)x1 ∈ Z.
Hence P (T A) = Q1 × [0,1) = S∞ .
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Then for any k ∈ N we have Ak1,n = A1,kn . Now, solving the congruent equation Ak1,n X = X (mod 1) is equivalent to
solving the single condition knx2 ∈ Z. This implies that x2 ∈ Q1.
Conversely, if x2 ∈ Q1 then we can ﬁnd some k ∈ Z such that k(m − 1)x2 ∈ Z.
Hence P (T A) = [0,1) ×Q1 = S0. 
Remark 3. Let A ∈ GL(2,Z) be of Am,n type. Then from the relation, Akm,n = Akm−k+1,kn (for all k ∈ N), it is clear that A and
its all powers pertain to the same case among the four cases discussed in the previous proposition. Hence they have the
same set of periodic points.
Remark 4. The set Sr can be thought of as the points on the line through the origin with slope −r and its rational translates
in [0,1) × [0,1). From above proposition, r = (m−1)n when m 
= 1. On the other hand given any rational r = pq ∈ Q, we can
ﬁnd m,n ∈ Z with n|(m−1)2 such that pq = m−1n . For, choose m = pq+1, n = q2. Hence every Sr arises as P (Am,n) for some
m,n ∈ Z.
Proposition 6. The following are equivalent for a subset of the torus.
(1) It is P (T Am,n ) for some Am,n ∈ GL(2,Z).
(2) It is Sr for some r ∈ Q∪ {∞}.
Proof. It follows from the above remark. 
3.2. Main theorem
Deﬁnition. A continuous toral automorphism T A ∈ GL(2,Z) is said to be hyperbolic if A has no eigen values with absolute
value 1.
Example 1. The matrices of the type Am,n are not hyperbolic, because 1 is an eigen value.
Theorem 2 (Main theorem). For any continuous toral automorphism T A , the set P (T A) of periodic points of T A is one of the following:
1. Q1 ×Q1 .
2. Sr for some r ∈ Q∪ {∞}; where Sr = {(x, y) ∈ T2 | rx+ y is rational}.
3. T2 .
It is already known (see [4]) that for a hyperbolic continuous toral automorphism, the periodic points are precisely the
rational points. In this paper, we calculate the set of periodic points for other continuous toral automorphisms; this happens
to be the subgroup of T2 generated by Q1 ×Q1 ∪ (a line with rational slope). In fact, for all non-hyperbolic continuous toral
automorphism, there are uncountably many periodic points.
Lemma 1. If A = ( a b
c d
) ∈ GL(2,Z) is hyperbolic then Det(A − I) = (a − 1)(d − 1) − bc 
= 0.
Proof. Let A be hyperbolic. Now, suppose (a − 1)(d − 1) − bc = 0= (ad − bc) − (a + d) + 1.
Case 1. If ad−bc = 1, then a+d = 2. Which implies by Proposition 5 that A = Am,n for some m,n. Which is a contradiction,
by Remark 2.
Case 2. If ad − bc = −1, then a + d = 0. Therefore the characteristic polynomial is x2 − 1. Hence the eigen values are ±1.
Which contradicts hypothesis. 
Remark 5. If A is hyperbolic then so is An for all n ∈ N. (If λ is an eigen value of A, then λn is eigen value of An .) Then
Det(An − I) 
= 0 for all n ∈ N. Hence the above lemma will apply to all the positive powers of A.
Proposition 7. If T A is hyperbolic then P (T A) = Q1 ×Q1 .
Proof. The ﬁxed points of An are given by the congruence equation An X ≡ X (mod 1).
If we let, An = ( an bn) then we get, (an − 1)x1 − bnx2 = k1 ∈ Z and cnx1 − (dn − 1)x2 = k2 ∈ Z.cn dn
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= 0 guarantees that the above system of linear equations is consistent and its
solutions are having rational coordinates (by Cramer’s rule). Hence P (T A) = Q1 ×Q1. 
Even though we assumed A to be hyperbolic in the above proposition, we have not used its full strength. What we
needed only is that the determinant Det(An − I) = cnbn − (an − 1)(dn − 1) is nonzero for all n ∈ N. Thus, in the view of
Proposition 3; Proposition 7 can be improved or restated as follows.
Proposition 8. If T A is a toral automorphism such that for each n ∈ N there are only ﬁnitely many periodic points with period n, then
P (T A) = Q1 ×Q1 .
We are now in a position to prove the main theorem.
Proof of main theorem. Let A = ( a b
c d
) ∈ GL(2,Z).
For any n ∈ N we write An = ( an bn
cn dn
)
where an,bn, cn,dn are integers.
Case 1. If Det(An − I) = cnbn − (an − 1)(dn − 1) 
= 0 for all n ∈ N then proof follows from Proposition 7.
Case 2. Suppose Det(An − I) = cnbn − (an − 1)(dn − 1) = 0 for some n ∈ N.
Let S = {k | Det(Ak − I) = ckbk − (ak − 1)(dk − 1) = 0}.
Subcase (2a). If Det(Ak) = −1 for some k ∈ S , then Tr(Ak) = 0. Therefore Ak = ( a b
c −a
)




Hence P (T A) = T2 = S0 since P (T A) ⊃ P (T kA) ∀k ∈ N.
Subcase (2b). If Det(Ak) = 1 for all k ∈ S then Tr(Ak) = 2. Therefore Ak = Am,n for some m,n ∈ Z.
From Remark 3, it follows that Ak and its powers namely, A2k, A3k, A3k, . . . share the same set of periodic points. Note that,
for any j ∈ N the periodic points of T A with period j are contained in P (A jk). Hence, from Proposition 6, P (T A) = Sr for
some r ∈ Q∪ {∞}. 
4. Concluding remarks
For each self map f on a set X , we associate a subset of X as follows: P( f ) = {x ∈ X: f n(x) = x for some n ∈ N}. If f
belongs to a certain nice class of function, then not all subsets of X may arise as the set of all periodic points.
It is natural to ask: Which subsets of X arise as P( f ), for some f in that class? We answer this question, for continuous
2-dimensional toral automorphisms. Even though there are apparently four kinds of subsets which can appear as the set of
periodic points for some continuous toral automorphism, there are only three up to homeomorphism.
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